Analytic approximations to nonrelativistic atomic ground state energies are obtained from the first two terms of the 1/ D expansion for the N-electron atom. These two terms describe the equilibrium structure (D-+ ct) limit) and normal mode oscillations (1/D term) of a completely symmetric N-dimensional configuration of localized particles. The connection between these large-D results and real atoms is established through the vibrational state, which is restricted by antisymmetry requirements at D = 3. Convergence considerations lead us to consider three different approximations, depending on whether all, none, or part of the results obtained from the 1/D term are used (in addition to those obtained from the D-+ ct) limit); the maximum errors are respectively about 8%, 3%, and 1 %. In all three approximations the dependence of neutral atom energies on the nuclear charge Z is roughly Z 12/5 for physical Z (as observed for real atoms) and roughly Z 7/3 for very large Z (in agreement with the known asymptotic result). The best approximation, which utilizes the 1/D term up to lowest nonvanishing order in 1/Z, is comparable in accuracy to single-t Hartree-Fock calculations.
I. INTRODUCTION
Dimensional continuation can offer novel conceptual perspectives and computational procedures for a variety of physical problems. The qualitative use oflower-dimensional analogs for real-world problems has long been a familiar procedure. Recently it has been shown, however, that in many cases quantitative predictions for D 3 results can also be extracted from D i= 3 calculations. The first and still most striking example of this is the renormalization group approach to critical phenomena, which utilizes D = 4 as a starting point. I Most recent applications of dimensional continuation have employed the D -+ ct) limit.
2 This is a classical limit distinct from h -+ O. Often this is augmented by one or more semiclassical correction terms, which together with the D -+ ct) limit constitute the beginning of a 1/ D (or 1/ N) expansion. 3 The 1/ D expansion has two important characteristics, both arising from the classical nature of the D -+ ct) limit. On the one hand, it is simple. Even for relatively complex systems, like the many-electron atom treated in this paper, it is possible to obtain the leading terms of the 1/ D expansion analytically. On the other hand, it is singular. This renders the expansion divergent (though asymptotic), and accounts for the poor accuracy of results obtained oy straightforward application of 1/D perturbation theory. Substantial improvements in accuracy can be achieved in several ways. First, one can factor out any exactly-soluble component of the energy, such as the hydrogenic component in electronic structure problems, in order to improve the initial convergence of the asymptotic 1/ D series. 4 Second, one can obtain solutions at one or more other values of D, such as D = 1, and combine these with the 1/D expansion. 5 Finally, one can expand the individual terms ofthe 1/D series, and discard the divergent contributions. 6 When applied to two-electron atoms, these procedures are capable of improving the accuracy of the 1/ D expansion to the level of conventional electronic structure calculations.
In this paper, we apply the method of 1/ D expansions in conjunction with two of the refinements just discussed in order to obtain accurate analytic approximations to the energies of many-electron atoms. First the problem is generalized to spaces to dimensionality D i= 3, and solved for large D; explicit expressions for the D -+ ct) limit and 1/ D term are obtained. This solution for large D is then recast in a form appropriate for use at small D by utilizing the exact solution for the D-dimensional hydrogenic atom. Finally, the energy is expanded in order to reveal the convergence properties of its various components and eliminate those which are divergent. The resulting energy expression yields predictions for total atomic energies which are accurate to about 1 %.
The method for treating atoms developed in this paper differs from more familiar methods in several respects. First, it engenders a very different picture of electronic structure. Whereas the starting point in a conventional treatment is one in which the electrons are delocalized and inequivalent (before antisymmetrization), the starting point here is one in which the electrons are completely localized and completely equivalent. The localization is a general consequence of the classical nature of the D-ct) limit, while the equivalence is due to the stability of the completely symmetric classical configuration in this particular problem.
A second way in which the dimensional continuation method differs from more familiar ones is in the nature of the approximations which it introduces. In particular, by utilizing the dimensionality of space as its perturbation parameter, the method achieves a zeroth-order solution to the many-body problem without recourse to any averaging or uniformization, as in the Hartree-Fock and Thomas-Fermi methods. This renders the approach especially suitable for the calculation of collective effects like the correlation energy.
A final and especially noteworthy feature of the new method is its extreme simplicity. It involves no parameteri-zations, integrations, or iterations, and even the most difficult step, which is to find the roots of a quartic equation, is in principle analytic. In fact, all results reported in this paper can be obtained on a pocket calculator without difficulty. This simplicity is a consequence of the classical character and slCmmetric geometry of the D -00 limit. It should be noted, however, that although dimensional continuation is much simpler than conventional electronic structure methods, it may not be able to offer comparable precision. In fact, the asymptotic character of liD expansions may place a strict limit on the accuracy attainable.
The structure of this paper is as follows. In Sec. II we demonstrate how the many-electron atom can be generalized to D-dimensional space, and give explicit expressions for the first two terms of its 1/ D expansion. In Sec. III we utilize the exact solution for a one-electron atom of arbitrary dimensionality D and nuclear charge Z to determine the vibrational state and reexpand the energy in the form appropriate for application at small D. In Sec. IV we examine convergence of the energy with respect to both liD and liZ in order to motivate three successively more accurate approximations: D-00 limit plus liD term, D-00 limit alone, andD-00 limit plus liD term to order liZ. Finally, in Sec. V we discuss the significance of the results and their possible extension.
II. SOLUTION FOR LARGE D
Dimensional continuation always involves an extrapolation from known physics, and therefore some degree of arbitrariness. Indeed, any generalization which reduces to known physics at D = 3 must be considered valid. For the many-electron atom treated here we simply choose the most natural generalization. In the end, however, it is the fact that this generalization leads to a simple and effective computational procedure which serves as its primary justification.
A. Generalization
Our generalized many-electron atom is defined by a Hamiltonian which is identical to the usual one, except that its Laplacians and Coulomb terms are now interpreted in the manner appropriate to D-dimensional Euclidean space. Thus, for an atom with N electrons and Z protons, we take the SchrOdinger equation in atomic units to be
where
We now restrict attention to spherically symmetric states, and recast Eq. (I) in a form convenient for analysis at large D. This involves three steps. First we introduce reduced variables, measuring distances in units of n/z Bohr radii and energies in units of Z 2 /n hartrees, where
The reason for this choice of scaling will become apparent shortly. Next we transform to internal coordinates, which we take to be the lengthsPi of the N electron vectors and the cosines Yij ofthe !N(N -1) angles between them. This set of coordinates suffices for S states. Finally, we rewrite the resulting equation as one for the probability amplitUde ~ = J 1/2\11, where J is the Jacobian of the transformation to internal coordinates. This eliminates all first derivative terms. Mter a bit of work, the details of which will be described elsewhere, 8 we obtain
where the kinetic, centrifugal, and Coulombic terms are
Here, r is the Gramian 9 determinant lPi 'pj I = IYij I for allN electrons, and rei) is the Gramian determinant for all but the ith electron. The motivation for scaling distances and ener-
) is now apparent. By this choice, the dimensionality D appears as a variable only in the kinetic term T, leaving an effective potential U + V which is independent of the dimensionality.
B. Classical limit
Equation (2) is in a standard form suited for calculations at largeD. All dimension dependence is confined to the large parameter n, which plays the role of an effective mass that localizes the system near the minimum of the effective potential. In the D ..... 00 limit itself the localization is complete, and the solution is given simply by the position and depth of the minimum. This localization (which is quite general) is the reason for calling D-00 a classical limit.
To obtain the minimum of the effective potential, we tentatively assume that it will be a totally symmetric one in which all electrons are equivalent. Because this leaves only two free parameters-a single distance P and a single angle cos -) y-the minimization under this constraint is readily carried out. The solution is
sufficiently negative ions.) We will not address in this paper the much more difficult question of whether this configuration is in fact the global minimum. To answer this question will probably require a numerical survey of the full !N(N + 1 )-dimensional potential energy surface. We note, however, that in the limit of very large atoms, ionization does lower the energy for N IZ > 2 3/2 /3 =0.943, so there will apparently in general be some range of ions for which Eq. (3) describes a local but not a global minimum.
The D ..... 00 limit solution to the N-electron atom, as given by Eq. (3), is one in which the electrons are equidistant from one other and equidistant from the nucleus. Thus, the electrons lie at the corners of a regular N-point simplex ("hypertetrahedron"), while the nucleus lies along an axis which passes perpendicularly through the center of that figure. For any N, the overall geometry is specified by only two parameters, which we have taken to be the reduced distance of the electrons from the nucleus (p 00 ) and the angle of the electrons with respect to one another (cos -I Y 00 ) . For neutral atoms, the reduced distance increases monotonically from 1.000 for hydrogen to about 1.547 for large atoms, while the angle decreases monotonically from about 95.3° for helium to 90.0° for large atoms. The D ..... 00 limits of the first three atoms (H, He, Li) can be pictured in terms of qualitative molecular equivalents (HF, H 2 0, NH 3 ). For larger atoms the D ..... 00 limit configuration cannot be embedded in D = 3, and there are no molecular equivalents.
c. Normal modes
For large but finite D the effects of the derivative terms in Eq. (2) must be considered to first order. The rigid classical limit geometry just discussed assumes the role of an equilibrium configuration, and the problem becomes one of determining the normal modes of oscillation about this minimum. The vibrational analysis is greatly simplified by the very high symmetry of the equilibrium configuration, and once again all results can be obtained analytically.
Except for the lightest atoms, which are even simpler, all atoms have just five normal modes. (Hydrogen has one, helium three, and lithium four.) These belong to three different irreducible representation of the symmetric group S N' two of which occur twice each. There are first of all two nondegenerate modes belonging to the representation [N], which will be designated 0-and 0+; these are the totally symmetric stretch and totally symmetric bend, respectively. Then there are two (N-l )-fold degenerate modes belonging to [N-l, 1] , and designated 1-and 1 +; these are, respectively, stretching and bending modes having single nodal planes. Finally, there is a single !N(N-3 )-fold degenerate mode belonging to [N-2, 2] , designated simply by 2; this mode is purely angular, and is characterized by pairs of nodal planes.
For the simplest atoms, the normal modes can be pictured in terms of their molecular equivalents. For example, the 0 ± modes of lithium correspond to the two A 1 modes of ammonia, and similarly the 1 ± modes of the atom to the two E modes of the molecule. The smallest atom with a 2 mode is beryllium, which has no good molecular equivalent. However, because this is a purely angular mode, we can take the E mode of methane as a crude model. (The carbon would need to be displaced along a fourth coordinate axis to provide a better model. )
The normal modes may be found by applying the FG matrix method to Eq. (2). After quite a bit of algebra, 8 one obtains the five normal mode frequencies (to lowest order in liD)
In general the ordering of the spectrum is given by
Thus, the two predominantly radial modes are oflower frequency than the three predominantly angular modes. For large neutral atoms the five frequencies tend toward the limiting forms
The asymmetric stretch mode 1 -becomes very soft for negative ions, and for large atoms vanishes when N IZ > 2 5/2 1 5 = 1.131. This marks the point at which the totally symmetric configuration ceases to be a local minimum.
All of the normal mode frequencies are proportional to liD because the effective mass n in Eq. (2b) was asymptotically proportional to D 2. It will be convenient to make the dimension dependence of the frequencies UJ explicit by expressing them in terms of dimension-independent characteristic values A:
Also for convenience we introduce degeneracy labels for the five representations:
Finally, we bring together the results of this section.
Consider an atom or ion with n,., quanta in vibrational mode IL (whereIL runs over 0-,0+,1-,1 +, and2). Combining the results for the classical limit and the normal modes, we ob-
Once the vibrational quantum numbers are specified, this gives the total energy for any atom or ion at sufficiently large D, correct to order liD.
III. APPLICATION TO SMALL 0
In order to apply the results of the preceding section to the real world, we need to determine which vibrational states are consistent with symmetry requirements at low D, and how energies vary with dimensionality away from the large-D limit. For these purposes the only additional information that will be needed is the exact solution for the energy levels of a hydrogenic atom as a function of D. In hartrees, these are given bylO 
Now consider the corresponding expansion obtained from a pure configuration. For purposes of comparison, it will help to label the contributing orbitals by the quantum numbers k; and I;, where k; = n; -1; -I is the number of radial nodes in the ith orbital. (1; is, of course, the number of angular nodes.) Upon taking a sum of hydrogenic orbital energies as given by Eq. (10), expressing this in reduced units of Z2/0 hartrees, and expanding to order liD, one
The quantum numbers in the two representations can now be related in order to reveal the restrictions on vibrational states imposed by antisymmetry. Because of the clean separation of radial and angular motions, two conditions arise:
These equations determine a set of candidate vibrational states in o -no+ n l -n l + n 2 ) from the (known) set of permissible S-state configurations in1/1 ... nNI N >. When Z is made finite, one of these candidate states will have lower energy than all others. This will clearly have all quanta assigned to the lowest frequency radial and angular modes, namely 1-and 2. Since a totally antisymmetric state can always be constructed from this assignment, it is the vibrational ground state. Note that we limit consideration to the vibrational equivalents of realizable D = 3 configurations. Thus, we do not consider states like Is22s 2 2pN -4 , even though they can be realized for sufficiently large D, because such states do not correlate with real-world states.
Although a given vibrational state in general corresponds to more than one configuration (and conversely a given configuration to more than one vibrational state), for the ground state it is not hard to see that the correspondence is one-to-one. Hence we obtain a unique configurational equivalent for the vibrational ground state. We can even go one step further, associating the individual electrons with the orbitals of this configuration. To do this, we consider the atom to be built up one electron at a time. Then each added electron must be accompanied by a certain number of vi brational quanta in order to maintain antisymmetry. By means of Eqs. (13) we can associate these additional quanta with a conventional orbital designator nJ;. and call these the shell number and angular momentum of the added electron. This inequivalencing of the symmetrically disposed electrons i~ so far only conceptual, but we will see in the next subsectIOn that it has consequences for the energetics.
It is instructive to compare the configurational equivalents of D-00 vibrational ground states to known D = 3
configurations. The two configurations are usually but not always different. For neutral atoms the ordering of orbitals is the same as the familiar one, except that in a roughly degenerate set like 7s,6p,5d,4j(characterized by a common value of n + I), the ordering is now strictly left to right, rather than approximately right to left. Thus, the transcribed and observed configurations of neutral atoms will differ except for the alkaline earths, which are characterized by the filling of sets like 7s,6p,5d,4! This is illustrated in Fig. 1 . We also note that as an atom is ionized, both the transcribed and observed configurations quickly become lexicographic (that is, ordered first by n and second by l).
B. Reexpansion
With the vibrational ground state determined, all quantities in the first-order large-D expansion for the energy, Eq. (9), are known. Before this expression can be applied at 
Note that several quantities in this expression (€ co ,np ,d p ' and AI') depend on Nand/or Z.
As the most natural definition of the total contributions from the various shells we take the successive shell ionization energies. That is, if there are N n electrons with principle quantum numbers less than or equal to n (in either the configurational or vibrational representation), then the total energy attributable to shell n is the difference in energy between ions with N" and N" _ I electrons. Upon summing the shell energies, we finally obtain an expression for the totaL energy (in hartrees) which should be applicable at low D:
It is readily verified that in the Z-00 (hydrogenic) limit which has served as a guide, Eq. (15) always yields the exact energy. The results predicted for finite Z will be presented in the following section.
IV. RESULTS
We will consider three approximations to the total ground state energies of atoms and ions. The first one is simply that given by Eq. (15). This approximation utilizes the first two terms of the 1/ D expansion, and we WIll call it the 2-term approximation. We then consider two more elementary approximations. One is a much simpler I-term approximation obtained by dropping all contributions of order 1/D; and the other is an intermediate" 1 ~-term" approximation in which the 1/D term is included, but only to lowest nonvanishing order in 1/z.
We will see below that the two simpler approximations are in fact more accurate. The reason for this is the singular character of the 1/ D perturbation expansion, which causes the 1/D series to diverge except at low order. For the helium atom the divergence is known to set in at third order in 1/ D, while for larger atoms we will see below that it appears to set in even sooner (though not at lowest order in liZ). These observations will serve to motivate the I-term and 1!-term approximations.
A. 2-term approximation
The approximations to the total energies of neutral D = 3 atoms given by Eq. (15) The exact and approximate energies are plotted as a function of atomic number in Fig. 2 . Also plotted for comparison are the energies given by the Thomas-Fermi approximation. The overall behavior of the total energies is modeled quite well by the 2-term approximation. Thus, the neutral atom energies are roughly given by -!Z 12/5, as observed for real atoms. 17.18 It is noteworthy that the approximation does not give the Z 7/3 -dependence of Thomas-Fermi theory18.19 and other simple models. 20 (In the domain of very large Z, which is of course nonphysical for reasons of both nuclear and atomic stability, the energies appear to be proportional to Z 7/3, which is the correct asymptotic nonrelativistic result. 21 ) The top curve of Fig. 3 gives the percent errors in the 2-term energies relative to the exact values. The approximation overestimates the binding energies for all atoms except lithium, and the error increases with atomic number. Thus, for Z..;.10 the error is 2% or less, while for large atoms it can be as large as 8%. This level of accuracy is comparable to that achieved in variational calculations with several parameters (e.g., 2 per I value 20 ). The present approximation is much simpler, but not variational.
Superimposed on the overall trend of energies is a kind of fine structure, which is quite apparent in the error plot. This structure arises from the changing vibrational state, the larger local maxima marking the points at which the "valence" vibrational level has been assigned as many quanta as possible (so that a new level is excited in the next atom). The fine structure is not very realistic, though it is of the same order of magnitude as that found in real atoms. This is illustrated in Fig. 4 , where the dominant power-law components of the exact and approximate energies (straight lines in Fig.  2 ) are factored out to reveal the small irregularities with respect to Z.
Although the present approximation utilizes only two terms of the 1/ D expansion, it is already necessary to consider the question of convergence. Quite generally 1/ D expansions are asymptotic, and diverge at high order. 22 In fact, for most systems studied to date, the divergence sets in already at low order when D = 3. In the helium atom, for example, the perturbation contributions reach a minimum at second order, and grow rapidly thereafter.
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Typically in an asymptotic series the error in a given partial sum is bounded at least roughly by the magnitude of the next term in the series. The optimal approximation is therefore obtained by truncating the series just before the smallest term.
23 Thus, for the helium atom the best approximation is the sum of the zeroth-and first-order terms of the 1/ D expansion-the 2-term approximation.
For larger neutral atoms it appears that the convergence is no better than in helium, and may be worse. The evidence is indirect, because the only available data are the first two terms of the 1/ D expansion and the remainder term, obtained by subtracting these from accurate nonrelativistic energies. (If the 1/ D series converged, this would of course be the sum of the higher-order terms.) These three contributions to the energy are plotted for all atoms studied in Fig. 5 .
For small atoms (Z<12) the first-order term is larger than the error term. This is consistent with the use of a 2-term approximation, as in helium, For larger atoms (Z> 12), however, the first-order term is smaller than the error, which suggests that it is smaller than the second-order term. Thus, it would apparently be better to truncate the series before rather than after the 1/ D term. We now tum to this much simpler approximation. as the percent deviation relative to the best fit by a power law aZ a (i.e., by a straight line in Fig. 2 ) to that set of energies. For the exact energies and the three approximations (2-term, I-term, and I!-term) these fits were, respectively, (a,a) = ( -0.534,2.384), ( -0.526,2.403), ( -0.515,2.398), and ( -0.529,2.387).
B. 1-term approximation
For the I-term approximation all contributions of order 1/ D in Eq. (14) are dropped, leaving only the D -00 limit term € '" • Thus, the I-term approximation is given explicitly by
n=l D+2n-3 (16) Note that although no contributions of order 1/ D are included, the 1/ D term is still used to determine the vibrational shell structure. (To obtain an approximation based solely on the D_ 00 limit, it would be necessary to assign the vibrational state without reference to the vibrational frequencies. This can be done in several ways, but we will not discuss the results here.)
The total energies given by the I-term approximation for neutral atoms are given in the second column of Table I . These energies would fall within a pen width of the reference energies in Fig. 2, and but now by at most about 3%. For Z,;;;, 12 the energies are underestimated.
Asymptotically the neutral atom energies given by the I-term approximation can be shown to behave as Z7I3, in agreement with Thomas-Fermi theory. However, for the known elements the behavior is again much closer to Z 12/5, as observed for real atoms. (In fact, although the ThomasFermi result is the correct limiting form, it is worse than the I-term approximation for Z < 5000.)
With the 1/D term gone, the "fine structure" superimposed on the overall trend of energies is more tempered and in some ways more realistic. As shown in Fig. 4 , most of the irregularities in the curve of reference energies are present in the I-term approximation, though in a somewhat caricatured form, with exaggerated and sharpened figuration. It is interesting to note that for most atoms the local features predicted by the I-term and 2-term approximations fall on opposite sides of those present in the true energies. We have no explanation for this, but remark that the partial sums of 1/ D series have been observed to oscillate about the correct results in other contexts as well.
,25
The I-term approximation is superior to the 2-term approximation on several counts, including simplicity, overall accuracy, and fine structure. Except for the smallest atoms, the 1/ D term does not help. As discussed above, this is apparently because the asymptotic 1/D series has already begun to diverge by first order. We now tum to consider how a •... convergent component can be extracted from the 1/ D term. By putting this back in, we obtain an approximation intermediate between the I-term and 2-term approximations in complexity, yet superior to both in accuracy.
c. 1 I-term approximation
Although there might be other ways to partition the individual terms of the 1/ D expansion, the most natural way is to expand each of them in powers of 1/Z. As Eq. (2) makes clear, this is just a perturbation expansion in the interelectron repulsion, starting with the hydrogenic or independent-electron solution at zeroth order.
In Figs. 6 and 7, the first two terms of the 1/ D expansion are partitioned in this way. In each case the contributions through order liZ Z are plotted along with the remainder term. (In this case the remainder term is the sum of the higher-order contributions, because the liZ series converge.) The perturbation expansions were obtained by expanding the solution to Eq. (4) and then using this in Eqs . (3) and (5), giving 
Figures 6 and 7 reveal that the 1/Z perturbation expansion is much more convergent for the zeroth-order term than for the first-order term. By itself the slower convergence of the first-order term (Fig. 7) is not a problem, since we know the result to infinite order. (This was how the error term was obtained.) However, comparing Figs. 6 and 7, one sees that convergence with respect to 1/D is affected. The 1/D series, which cannot be taken to infinite order, is apparently better behaved at low order in 1/Z than at high order. This suggests that the low-order contributions to the 1/ D term might help.
The simplest possible approximation of this form, which we will call the l!-term approximation, is obtained by including the 1/D term to lowest nonvanishing order in 1/Z, namely first order. (The contribution of zeroth order in 1/Z vanishes identically because this is just the Z ..... 00 limit uti-lized in Sec. III to reexpand the energy.) This approximation would be justified if at this order of 1/Z, but not at higher order, the 1/D term were still in the convergent regime. For the two-electron atom this is indeed the case,25 but Again we note that n l -and n 2 , which count the number of radial and angular nodes, vary with N.
The total energies given by the l!-term approximation are listed in the third column of Table I , and the errors relative to accurate energies are plotted as the bottom curve of Fig. 3 . The new approximation, which is intermediate between the other two in complexity, is the most accurate of the three. The errors are less than 1 % for almost all atoms. This is similar to the accuracy achieved in single-; HartreeFock calculations. II The binding energies are still usually overestimated, though there are now stretches throughout the known Periodic Table where they are underestimated.
Although the overall accuracy of the energies is much improved in the 1!-term approximation, the fine structure is once again more pronounced and less realistic. In fact, Fig. 4 reveals that it is almost identical to that of the 2-term approximation. Thus, the lowest-order contribution to the 1/ D term (the 'T' term) helps the overall energies, but not the fine structure. On the other hand, the higher-order contributions (the remaining 'T') hurt the overall energies, but have almost no effect on the fine structure.
The 1!-term approximation is about as good as one can do using only the first two terms of the 1/ D expansion. There is one further variant that might be considered, namely one in which the 1/Z expansion for the zeroth-order term is also truncated. From Figs. 6 and 7 one sees that this would apparently be justified after order 1/Z 2, where the first-order contributions exceed the zeroth-order. However, one also sees that the truncation would have almost no effect, since the terms dropped (the remainder term in Fig. 6 ) are so small anyway. Thus, to improve significantly on the 1!-term approximation it will be necessary to go to higher order in 1/ D.
As we will see in the next section, there is a good chance that this will in fact help.
v. SUMMARY AND PROSPECTS
We have introduced three methods based on the 1/D expansion for obtaining analytic approximations to atomic energies. All three methods utilize the zeroth-order term of the expansion, but they differ in the extent to which they utilize the first-order term. The latter is used either in its entirety (the 2-term approximation), to lowest nonvanishing order in the interelectron repulsion (the 1!-term approximation), or only to obtain the quantum numbers (the 1-term approximation). In each case the resulting expression for the energy at large D is recast in a form appropriate for application at D = 3 by recognizing how the energy of a hyfor larger atoms it is only conjecture.
If we assume that only the 1-and 2 modes are excited, as in the vibrational ground state, then the l!-term approximation reduces to (19) drogenic atom varies with quantum number and dimensionality.
The physical content of the terms entering the approximations is unconventional, though in some ways it is reminiscent of the concepts of the old quantum theory. The zeroth-order (D-00) solution is a classical one in which the electrons are completely localized relative to one another and to the nucleus. It also happens to be highly symmetric, since the electrons assume positions which are completely equivalent. The first-order ( 1/ D) term, on the other hand, is a semiclassical correction for the effects oflarge but finite D. It describes normal mode vibrations about the symmetric equilibrium geometry.
This picture of electronic structure is of course radically different from the usual orbital description, stressing complementary aspects of the solution to the problem. Thus, although dimensional continuation may not be able to produce good ionization energies or term structures, it does promise to model collective effects like the correlation energy very well. 6 • 26 This is because these effects, which are so difficult to model by conventional methods, are already included at zeroth order in the new approach. Even at this order, one obtains atomic correlation energies that agree to within the estimated uncertainties with most known values. 27 The new method also gives insight into the dynamics of electron correlation,28 and helps to explain the success of certain other approaches (such as that of hyperspherical coordinates 29 ) to the correlation problem.
These observations suggest that dimensional continuation might best be used in conjunction with conventional approaches. For example, the Hartree-Fock method could be utilized to calculate approximate energies or properties, and then a low-order 1/ D expansion to calculate correlation corrections. 6 It is quite possible, however, that dimensional continuation methods can be improved to the point where they will give accurate results on their own.
The most obvious way to improve upon the results discussed in this paper would be to calculate higher-order terms in 1/D. These will probably best be truncated,like the firstorder term. Indeed, it appears quite likely that the full 1/ D series will diverge beyond first order. The contributions of lowest order in 1/Z, however, may not diverge until higher order. For two-electron atoms, for example, these truncated contributions converge through sixth order in 1/D,4 even though the full 1/ D series converges only through second order. 5 We note that the attempt to calculate higher-order terms in the 1/ D expansion might be facilitated greatly by two approximations. First, it would probably suffice to calculate the terms only to lowest nonvanishing order in 1/Z, since they would most likely need to be truncated at that order anyway. Second, since the correlation energy is modeled so well by lower-order calculations, and is in any case only a small fraction of the energy in larger atoms, the higher-order terms could be calculated in the Hartree-Fock approximation.
If by means of either combination with standard methods or calculation to higher order it does prove possible to calculate atomic energies to chemical accuracy, then it would be natural to try to apply the same method to molecules. The generalization of molecular Hamiltonians to arbitrary dimensionality and their analysis at large D will probably require significant work, but there is no apparent reason why the methods described in this paper should not work for molecules as well.
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